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Motivation & Outline

Bel-Robinson tensor B is related to the superenergy of the gravitational field.

Bel tensor B is the generalization of Bel-Robinson tensor to non-vacuum spacetimes.

Bel-Robinson tensor in spacetimes of Petrov type D

. : . . ~ ~ 2
= cubic invariant in curvature similar to EM: BvpeBHP7 =4 x 122 x (]E2 +]B%2)

= principal null directions given by char. surf: EWPJWEVEWU =0

Bel-Robinson tensor as an energy-momentum-like tensor

= energy-momentum in EM: X, = % [FA(e,a%xF) = (xF)ne, JF]

= Bel-Robinson as a 3-form:  ¥,,, i= 2 [Cpa A (e, J+C*,) = (xCpa) Ay 1C% ]

“Vacuum” depends on the gravitational theory under consideration. Are there a more
general tensors with the same algebraic (!) properties as the Bel-Robinson tensor?

= irreducible decomposition of Bel tensor using Young tableaux; Bel trace tensor

— find the most general algebraic Bel-Robinson tensor



Warmup: the Riemann tensor and its irreducible decomposition

Symmetries of the Riemann tensor:

= double 2-form:

R,Lu/pa = _Ryupa = _R,Lu/ap

= Bianchi identity R, ,;1=0

= implications:

Ruvpo = Roours Riuvpe1 =0

(alg. curv. tensor)

(if torsion vanishes)

(if torsion vanishes)
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Warmup: the Riemann tensor and its irreducible decomposition

Symmetries of the Riemann tensor: +#
= double 2-form:  R,.p0 = ~Ruupe = —Ruvep (alg. curv. tensor) 36
= Bianchi identity R'[,,,1=0 (if torsion vanishes) 16
= implications: Ruvpo = Roouvs Riuwpe] =0 (if torsion vanishes) 15 +1

Irreducible decomposition in terms of Young tableaux:

X = Y @
1 1
Ruvpe = 5 (Ruvpo + Rpopr) + 5 (Ruvpoe = Roopr) = Ripuvpo1 | + Rpwpol
A\ J/ — 7
N~ 'l
Weyl, rictf, scalar paircom, ricanti pscalar

— using the metric v, an even finer decomposition is possible by subtracting traces.



Warmup: the Riemann tensor and its irreducible decomposition

Explicit form:

1
2 .
( )R,ul/pa = 3 (RMVPU - RPGMV) -® R:‘“/pa’

2
1

(3) Ruupa = _EX Nuvpo
1 .

& Rﬂupa o 2 (gol//pd/(,up) gU,u’Bd/(VP) + gp”’Bd/(Va) gpy%(ug)) ’
1 : : :

(5) R,quU = 5 (gUVRIC[pr] go',u,Rlc[yp] + gp,LLR‘IC[I/O'] o gPVR‘lc[NO']) ?
1

(6) R;u/pd = —R (gupgyg - g,wgup) )

(1 T

Ruypg ,uupa @ M’/PU’

This refined decomposition is derived entirely from the Ricci tensor Ric,, = R%,4..



Irreducible decomposition of the Bel tensor

Formal definition of the Bel tensor in terms of tensor duals:
1

Blvpo = E[Ruab’pRvaﬁo + (*Rx) paBp (*R*) vaﬁo

+ (R) iy (FR) ™+ (Re) o (Re) 27

The Bel tensor has the symmetries B[,,1p0 = Buv[po] =0, B%aps =0, Bu,%a=0.



Irreducible decomposition of the Bel tensor

Formal definition of the Bel tensor in terms of tensor duals:

1

Blvpo = E[Ruab’pRvaﬁa + (*Rx) paBp (*R*) vaﬁo

+ (R) iy (FR) ™+ (Re) o (Re) 27

The Bel tensor has the symmetries B[,,1p0 = Buv[po] =0, B%aps =0, Bu,%a=0.

The irreducible decomposition in terms of Young tableaux is

® = D )

1
B,Lu/pa = B(,uypa) + 5 (B,w/pa - Bpa/u/)

1
+ 6[2 (Buupa + Bpauu) N (Buplm + BVUMP) N (BMUVP + BVP”J) ]

Obtain finer decomposition by introducing the Bel trace tensor B, = B% .. .



Explicit form:
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Irreducible decomposition of the Bel tensor

paE,uz/ + g,upEya + gyag,up + g,uaEup + gupg,ua) )

(g,uvgpa T 8up8vo + guogwo)

UV PO 9

- (gMPB[W] + 8upBluo] T 8uoBlup) + gWB[up]) )

(g,upgl/a + guog,up + g,uagyp + gupgua 2g,u1/B/pa 2ngE,uy) )

2g,u1/gp0‘) 9

_ (39) B po-




The most general algebraic Bel-Robinson tensor

The following is our final result:

(la)pg - [1lg (1b)g

1c
uv po uvpo uvpo B,Lbl/p0'7

1
(1b) B,uupa = E (guugpa + gpog,uu + g,uvaa + gvagup + g,uaEup + gupg,ua) )

1

(1c) B,uupa = 36 (g,uz/gpa + 8up8ro t g,uagup)

o 1
B,uz/ =B poy = B,uu ® B[/ﬂ/] ©® ZBg,uw
BW = (2)Rua57(2)Ra67V - g*" (2Ric[ua]RiC[VB +Mua%1/6)

1
+ 8w (2RicpqRict*? + Ric,, s Ric™?)
1 1 o
B = 5 (RRlC[W] + 2X77WQBR1€[ B])

.|>

@B, - 1( ;(2)R5 sORY | Ric, R(a5+1R2 iZ)gW.



The most general algebraic Bel-Robinson tensor

The following is our final result:

a [t 1b e
(1 )B,uz/pa = [ ]BMVPU —( )B“Vpo' - B/,wpaa

1
(1b) B,uupa = E (guugpa + gpog,w/ + g,upgva + guagup + g,uaEup + gupgua) )
1

(log

uvpo = 36 (g,uz/gpa + 8up8ro t g,uagup)

o 1
B,uz/ =B poy = B,uu ® B[/ﬂ/] ©® ZBg,uw
BMV = Ruaﬁv(z) R, — g (2Ric[ua]RiC[VB + Mua%w)

1
+ 8w (2RicpqRict*? + Ric,, s Ric™?)
1 1 o
B = 5 (RRlC[W] + 2)(77“,,@5}{16[ B])

.|>

@B, - 1( ;(2)R5 sORY | Ric, Ba/aMlR? iz)gw.



The most general algebraic Bel-Robinson tensor

The Bel trace tensor lists how different curvature ingredients contribute to traces:

= |n General Relativity, Ric,,, =0 implies B,,,, = 0.
= In other theories (different Lagrangian, different geometry with torsion, ...),
the vacuum field equations may impose other constraints on the curvature.
= Only the Weyl tensor does not appear in the Bel trace tensor. This is because it is

traceless, (1)RO‘W5 =0, and it also satisfies (1)R“[,,pa] =0.
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Conclusions

The Bel trace tensor allows us to define a tensor that has the same algebraic properties

as the Bel-Robinson tensor. Further work needs to be done:

= Would a spinorial treatment give rise to a deeper algebraic understanding?

» What about differential properties of the algebraic Bel-Robinson tensor?
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Thank you for your attention.
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